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Abstract. This paper marks the first general treatment of Fourier inversion for inverse semigroups. 
We introduce and prove four Fourier inversion theorems for arbitrary finite inverse semigroups. We 
also provide a general approach to the construction of fast inverse Fourier transforms for finite 
inverse semigroups, and we show how results of Maslen, Rockmore, and Bjorklund et al. combine to 
■ give efficient algorithms for the computation of inverse Fourier transforms on the symmetric inverse 

monoid and its wreath product by arbitrary finite groups. 
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1. Introduction 



The theory of Fourier analysis on finite groups unifies the classical discrete Fourier transform 
(DFT) and Yates' analysis of factorial designs [28]. The classical DFT is the Fourier transform on 7L n 
(the cyclic group of order n), while the analysis of Yates is the Fourier transform on Z2 fc . Algorithms 
for the efficient computation of forward and inverse Fourier transforms have been developed for a 
wide variety of abelian and nonabelian groups — see, e.g., [H HI El [HJ [T71 [22]. For applications, 
see, e.g., El EH [221 [23]. 

Inverse semigroups are generalizations of groups which encode partial symmetries [12]. Every 
group is an inverse semigroup, but not conversely. In [131 [T3] we extended the theory of Fourier 
analysis on finite groups to finite inverse semigroups and developed explicit fast Fourier transforms 
! for specific inverse semigroups of interest — namely, for the symmetric inverse monoid (also called 

the rook monoid) R n and its wreath product by arbitrary finite groups. In [15] we developed an 
application of Fourier analysis on the rook monoid to the analysis of partially ranked datasets. 
While we proved a handful of Fourier inversion theorems for R n in [13], there has not yet been a 
treatment of Fourier inversion for general inverse semigroups, nor has there been any treatment of 
, fast Fourier inversion for inverse semigroups. 

In this paper we address these issues. First, we develop a framework for the construction of 
fast Fourier inversion algorithms for finite inverse semigroups using B. Steinberg's groupoid basis 
of an inverse semigroup algebra [27J. Next, we show how this framework together with Maslen's 
algorithm for fast Fourier inversion for the symmetric group [16], Rockmore's algorithm for fast 
Fourier inversion for symmetric group wreath products [22j, and the algorithm of Bjorklund et al. 
for the efficient computation of the Mobius transform on lattices with few irreducibles [3] combine 
to yield fast Fourier inversion algorithms for the rook monoid and its wreath product by arbitrary 
finite groups. Finally, we give a series of Fourier inversion formulas for arbitrary finite inverse 
semigroups. 

Let S be a finite inverse semigroup. There is a natural correspondence between complex-valued 
functions on S and elements of the semigroup algebra CS that arises from the association of the 
delta functions of the elements of S and the natural basis {s} se 5 of CS — specifically, if / : S — > C, 
i.e., 

f=j2m$ s , 

ses 
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then / corresponds to the element 

eCS. 

ses 

In this manner we will think of complex-valued functions on S as elements of CS, and vice-versa. 

If / € CS is expressed in terms of the natural basis, then the Fourier transform of f is the 
re-expression of / in terms of a Fourier basis of CS". Unlike the natural basis, Fourier bases of CS 
are defined by symmetry conditions on S (Definition I2.14p . For S = Z n , the Fourier transform of 
/ € CZ n is the usual discrete Fourier transform of /, and the Fourier basis for CZ n is the usual 
basis of exponential functions [EH EJ ES] . 

If / € CS is expressed with respect to a particular Fourier basis, then the inverse Fourier 
transform of f is the re-expression of / in terms of the natural basis of CS. Among other applica- 
tions, algorithms for computing fast Fourier transforms (FFTs) and fast inverse Fourier transforms 
(FIFTs) give rise to efficient algorithms for computing the convolution of functions /, g € CS. Naive 
methods for computing Fourier transforms, inverse transforms, and convolutions each require |<S| 2 
operations, where an operation is defined to be a complex multiplication and a complex addition. 
Faster methods have been developed for a wide variety of groups and inverse semigroups. For 
example, it is known that the Fourier transform of / G CS can be computed in no more than 

• 0{\S\ log \S\) operations if 5 = Z n @], 

• 0(\S\ log |5|) operations if S is a supersolvable group [I], 

• 0(\S\ log 2 |5|) operations if S = S n , the symmetric group on n objects [16], 

• 0(\S\ log 4 |5|) operations if S = B n , the hyperoctahedral group on n objects [22], and 

• 0(\S\ log 2 \S\) operations if S = R n , the rook monoid on n objects [5] H3]. 

It is also the case that if / £ CS is expressed with respect to particular computationally advan- 
tageous Fourier bases, then efficient algorithms for computing the inverse Fourier transform of / 
exist, which require no more than 

• 0{\S\ log \S\) operations if S = 1 n % 

• 0(\S\ log jS"!) operations if S is a supersolvable group [U [2], 

• 0(\S\ log 2 |5|) operations if S = S n [16], and 

• 0{\S\ log 4 \S\) operations if S = B n [52]. 

Generally speaking, the construction of Od/Sj log c |S'|)-complexity algorithms (where c is some con- 
stant) for computing Fourier transforms and their inverses is the goal in group and inverse semigroup 
FFT theory. 

Also, we make the distinction in complexity between computing Fourier transforms and their 
inverses for the semigroups listed above because, while the classical FFT (for computing Fourier 
transforms on abelian groups) automatically gives rise to an equally efficient algorithm for comput- 
ing inverse Fourier transforms, FFTs for finite inverse semigroups do not automatically give rise to 
FIFTs in general. For nonabelian groups, FFTs can often be thought of as matrix factorizations, 
and a nearly equally-efficient algorithm for computing the inverse Fourier transform arises by con- 
sidering what is essentially the "transpose" of the FFT algorithm [2j. The key that enables this 
fast transpose algorithm is the Schur relations for group representations, which are not directly 
applicable to non- group inverse semigroups. Another approach to the construction of FIFTs for 
groups is based on adapted and induced representations [21], and while an approach to FFTs for 
inverse semigroups based on adapted representations is possible [13] , this approach has not yielded 
the fastest FFTs for non-group inverse semigroups known to date [31 Q3]. The present work is 
therefore necessary. 

The main results of this paper are the following. First, we give a fast inverse Fourier transform 
for the rook monoid R n , which results in the following complexity bound. 

Theorem (Theorem I4.2f) . Let y be the complete set of inequivalent, irreducible representations 
of CR n induced (as in Definition 12.26ft by Young's seminormal or orthogonal representations of 
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the symmetric group. Then the inverse Fourier transform of an arbitrary C- valued function on R n 
expressed with respect to y can be computed in no more than 0(|i? n | log 2 \R n \) operations. 

We note that the set of representations y in the statement of Theorem 14.21 is the same set of 
representations used for the 0(|i? n | log 2 |i? n |)-complexity Fourier transform on R n referenced above. 
We also have the following result for the wreath product of R n by an arbitrary finite group. 

Theorem (Theorem I4.4p . Let G be a finite group and let GlR n denote the wreath product of R n 
with G (Definition I4.3p . There exists a complete set y of inequivalent irreducible representations of 
CGlR n such that the Fourier transform relative to y of an arbitrary element / = YlseGiR f( s ) s ^ 
CGlR n can be computed in 0(\G\ R n \ log 4 \ G I Rn\) operations and, if / G CG I Rn is an arbitrary 
element expressed relative to y, then the inverse Fourier transform of / can be computed in 
0(\G l R n \ log 4 \G I R n \) operations. 

To state our remaining results we require the following notation. Let S be a finite inverse 
semigroup. Let Dq, . . . ,D n be the P-classes of S. For each D-class D^, fix an idempotent 
and let Gk be the maximal subgroup of S at Let IRR(Gfc) be a complete set of inequivalent 
irreducible representations of CGk, and let denote the number of idempotents in Dk- Let y be 
the complete set of inequivalent, irreducible representations of CS induced (as in Definition ^. 26j) by 
l+Jfc =0 IRR(Gfc). Let < denote the natural partial order on S, and let /i denote its Mobius function. 

Our constructions of the FIFTs listed above for R n and its wreath product by finite groups 
are based on a general approach to the construction of FIFTs for inverse semigroups, which we 
detail in Section [3j Our approach results in the following complexity bound for the inverse Fourier 
transform on CS for an arbitrary finite inverse semigroup S. This result can be seen as the natural 
complement to the main result in |14j . 

Theorem (Theorem 13.11 and Corollary I3.2j) . The number of operations required to compute the 
inverse Fourier transform of an arbitrary C-valued function f on S expressed with respect to y is 
no more than 

n 

CM + ^r 2 7I nv (IRR(G fc ),G fc ), 

fc=0 

where C(fis) is the maximum number of operations required to compute the Mobius transform of 
an arbitrary C-valued function on S and 7~i QV (IKR(Gk), Gk) is the maximum number of operations 
required to compute the inverse Fourier transform of an arbitrary C-valued function on Gk expressed 
with respect to IRR(Gfc). 

Furthermore, if we denote by C- mv {Gk) the quantity 

Cinv(Gfe) = min{7Inv (74,^/0} 
(as IZk varies over all complete sets of inequivalent, irreducible representations of CGk), then there 
exists a complete set of inequivalent, irreducible representations 1Z of CS such that the number of 
operations required to compute the inverse Fourier transform of an arbitrary C-valued function on 
S expressed with respect to 1Z is no more than 

n 

C(/x5) + 5> 2 C inv (G fe ). 

fc=0 

Finally, we have the following Fourier inversion theorems for finite inverse semigroups. The 
first inversion theorem (Theorem I5.2j) expresses Fourier inversion relative to the groupoid basis 
{ [s\ } S £S of CS (defined in Section ¥TM for elements of CS expressed with respect to an induced set 
of representations of CS, whereas the second inversion theorem (Theorem 15.5)) expresses Fourier 
inversion relative to the natural basis of CS for elements of CS expressed with respect to an 
arbitrary set of representations of CS. Note that the notation p, p ran ( s ), and Pdom(s) 1S defined in 
Section 12.31 We also prove two further Fourier inversion theorems in Theorems 15.31 and 15. 4[ 
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Theorem (Theorem 15 .2p . Let g = YlseS 9( s )l s \ ^ For P G 3^, view g{p) as an x matrix 
whose rows and columns are indexed by the idempotents in and whose entries are themselves 
dp x dp matrices. For idempotents a, b G D^, denote the a, b entry of g(p) (itself a d p x d p matrix) 
by g(p)a,b- Let s e D k . Then 



1 fc| peIRR(G fc ) 

Theorem (Theorem 15 . 5 j) . Let / = YlscS f( s ) s ^ < ^'- Let ^ be any complete set of inequivalent, 
irreducible representations of CS. For t G Dj, let G(t) denote Gj (the maximal subgroup at ej), 
and let r(t) denote rj (the number of idempotents in Dj). For any s G S 1 , we have 

/00 = E d P E W^cTM E M^^-^trace^p)^- 1 )). 
p&x tes-.t>s ^ J * { )l ves-.v- 1 ^- 1 

We proceed as follows. In Section [2] we explain the background material needed for the rest of 
the paper. This includes a review of basic inverse semigroup theory in Section \2. 11 the definition of 
the Fourier transform for finite inverse semigroups in Section [2.2[ and B. Steinberg's isomorphism 
between the inverse semigroup algebra CS and a direct sum of matrix algebras over group algebras 
[27j in Section 12.31 In Section [3] we introduce a general method for the construction of fast inverse 
Fourier transforms on finite inverse semigroups and we establish a general bound on the inverse 
Fourier transform on a finite inverse semigroups relative to an induced set of representations. In 
Section U] we exhibit our fast inverse Fourier transforms for the rook monoid and its wreath product 
by arbitrary finite groups. Finally, in Section [5] we state and prove our four Fourier inversion 
formulas for finite inverse semigroups. 

2. Background material 

2.1. Inverse semigroups. A semigroup is a nonempty set with an associative binary operation. 
A monoid is a semigroup with identity. Unless otherwise specified, we will write our semigroup 
operations multiplicatively. 

Definition 2.1. A semigroup S is an inverse semigroup if for each x G S there exists a unique 
y G S such that xyx = x and yxy = y. In this case we say that y is the inverse of x, and we write 
x~ l = y. 

It follows that in an inverse semigroup, xx~ x and x~ 1 x are idempotent, and if e is idempotent 
then e = e . It is clear that every group is an inverse semigroup, and it is straightforward to show 
that an inverse semigroup is a group if and only if it has exactly one idempotent (the identity of 
the group). 

The most important finite inverse semigroup is the symmetric inverse monoid (also known as the 
rook monoid) R n , which is the set of all injective partial functions from {1, 2, . . . , n} to {1, 2, . . . , n} 
(including the function with empty domain and range) under the usual operation of partial function 
composition. In this paper we view maps as acting on the left of sets and we compose maps from 
right to left, so if a, 7 G R n , then a o 7 G R n is the partial function whose domain is given by 

dom(<r o 7) = {x G {1, 2, . . . , n} : x G dom(7) and 7(x) G dom(o")}, 

and if x G dom(<7 o 7), then (a o 7)(x) = o{^{x)). 

Definition 2.2. If S and T are semigroups, then a homomorphism <ft : S —> T is a map such that 
<p(ab) = 4>(a)4>(b) for all a,b G S. An isomorphism is a bijective homomorphism. 

R n is called the rook monoid because it is isomorphic to the semigroup of rook matrices of 
dimension n under ordinary matrix multiplication. A rook matrix of dimension n is an n x n 
matrix with entries in {0, 1} that has at most one 1 in each row and column. These matrices are 
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called rook matrices because the rook matrices of dimension n correspond to the placements of 
non-attacking rooks on an n x n chessboard. The isomorphism is given by associating to the partial 
function a G R n the rook matrix that has a 1 in the i,j position whenever a{j) = i, and a in all 
other positions [25] . 

Definition 2.3. The rank of an element a G R n is |dom(cr)| = |ran(<r)|. Equivalently, the rank of 
a is the ordinary matrix rank of its associated rook matrix. 

The rook monoid plays the same role for inverse semigroups that the symmetric group does for 
groups, in the following variation of Cayley's theorem |12j . 



Theorem 2.4. If S is a finite inverse semigroup, then S is isomorphic to an inverse sub-semigroup 
of R ]S y 

We also record the size of R ri . It is easy to see that R n contains (^) 2 k\ elements of rank k, so 
we have: 

Theorem 2.5. \R n \ = ££ =Q Q 2 k\. 

2.2. Fourier transforms: Definitions and basic theory. Let S be a finite inverse semigroup. 

Definition 2.6. The semigroup algebra CS IS ; clS cl vector space, the formal C-span of {s} sG s. 
The natural basis {s} s <=5 of CS is also called the semigroup basis. Multiplication in CS (called 
convolution and denoted by *) is given by the linear extension of the multiplication in S by the 
distributive law. Specifically, given /, g G CS, where 

res tes 

we have 

/*5 = E/( r ) r E^ = E E f(r)9(t)a. 

reS teS seS r,teS:rt=s 

If S is a group, then convolution can be written in the more familiar way: 

/ * 9 = E E f( r )9( r ~ ls ) s - 

That is, if S is a group, then the coefficient of s in the convolution / * g is X^reS 1 /( r )5 f ( r 1,s )- 

Definition 2.7. A matrix representation (or just representation) p of CS is an algebra homomor- 
phism p : CS — > M n (C) for some n G N. The number n is the dimension of p, which we will denote 
by d p . 

Equivalently, a representation of CS is a finite-dimensional C-vector space which is also a left 
CS-module. 

Definition 2.8. A representation p of CS is null if p{a) is the zero matrix for all a 6 CS. 

Definition 2.9. A representation p of CS is irreducible if p is not null and p is simple as a left 
CS-module. That is, a matrix representation p is irreducible if p ^ and there is no invertible 
matrix X and tuple {p\ , p2 , g) , where p\ and p2 are representations of CS and g is a matrix- valued 
function on CS, such that 

Xp(a)X- 1 =- f" Pl{a) ° 

for all a G CS. 



g(a) p 2 (a) 



Definition 2.10. Representations pi, P2 of CS are equivalent if there is an invertible matrix X such 
that X pi(a)X^ 1 = P2(a) for all a G CS. Equivalently, two representations of CS are equivalent if 
they are isomorphic as left CS-modules. 
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Munn showed that CS is semisimple [20] . Thus, any representation of CS is equivalent to a 
direct sum of null and irreducible representations of CS, and Wedderburn's theorem applies to CS. 

Theorem 2.11 (Wedderburn's theorem). Let y be a complete set of inequivalent, irreducible rep- 
resentations of CS. Then y is finite, and y induces an algebra isomorphism (called the Wedderburn 
isomorphism induced by y, or just the Wedderburn isomorphism if y is understood) 

(1) p:C S->0M dp (C). 

pey pey 

Explicitly, if / G CS with / = Ylses f( s ) s i then 

in the Wedderburn isomorphism induced by y. 

Let y be any complete set of inequivalent irreducible representations of CS". A dimensionality 
count of the algebras in (JT]) immediately yields 

\s\ = Y J d P 2 . 

P&y 

We can now define the Fourier transform of / £ CS \\.2>\ 114] . 

Definition 2.12. Let / G CS" with / = YlseS f( s ) s - If P is a representation of CS, then the 
Fourier transform of f at p, denoted f(p), is 

/GO = *>(/) = £/(«M0- 

Definition 2.13. If y is a complete set of inequivalent irreducible representations of CS, then the 
Wedderburn isomorphism induced by y is called the Fourier transform on CS relative to y (or just 
the Fourier transform on CS, if y is understood). In particular, if / G CS with / = X^es /( s ) s > 
then the Fourier transform of f G CS relative to y is 

the image of / in the Wedderburn isomorphism induced by y. 

The Fourier transform of / relative to y can also be described in terms of a change of basis 
within CS. The natural basis of the algebra on the right in (fTJ is the set of matrices in this algebra 
with a 1 in one position and in all other positions, and the inverse image of this basis in CS is 
the target basis in CS for the Fourier transform relative to y. 

Definition 2.14. If y is a complete set of inequivalent irreducible representations of CS, then the 
inverse image of the natural basis of the algebra on the right in ([1]) is called the Fourier basis of 
CS relative to y. It is also called the dual matrix coefficient basis for CS relative to y |16j . 

Thus, the Fourier transform of / relative to y is a collection of (matrix) coefficients which provide 
the expression of / in terms of the Fourier basis of CS relative to y. In general, a Fourier basis 
of CS is any basis of CS which arises in this manner by some choice y of inequivalent, irreducible 
representations of CS. If / G CS is expressed with respect to the Fourier basis of CS relative to 
y, we simply say that / is expressed with respect to y. 
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Example 2.15. Let S = Z n = {0,1,... , n — 1}, the cyclic group of order n. The irreducible 
representations of C7L n are the characters \k ■ C7L n — > C (for k G {0, 1, ... ,n — 1}), defined on 
the natural basis of CZ n by Xk{j) = e' 2 ^^. It follows that, given / = Y,t=o /(*)* G CZ ™' the 
Fourier transform of / is the usual discrete Fourier transform of /: 

n-l 

f(xk) = Y.ttiy~ 2m]k/n - 

j=0 

The Fourier basis of CZ n is the usual basis of sampled exponential functions bo, b%, . . . , 6 n -ii where 

n-l 



n. — ' 



e 2nijk/nj 

n A — ' 

j=0 



If y is a complete set of inequivalent, irreducible representations of CS, then the inverse Fourier 
transform on CS* relative to y is simply the change of basis back from the Fourier basis of CS 
relative to y to the natural basis of CS. Specifically: 

Definition 2.16. Let y be a complete set of inequivalent, irreducible representations of CS and 
let z be an element of the algebra on the right in (prj . Denote the preimage of z in the Wedderburn 
isomorphism by X^seS f( s ) s - Then the collection of coefficients {/(s) : s G S} is the inverse Fourier 
transform of z. The inverse Fourier transform on CS relative to y is the inverse of the Wedderburn 
isomorphism induced by y. Equivalently, if / G CS is expressed with respect to y, then the inverse 
Fourier transform of f is the collection of coefficients {/(s) : s G S} such that / = Sses /( s ) s > 
and the inverse Fourier transform on CS relative to y is the change of basis within CS from the 
Fourier basis relative to y to the natural basis. 

Viewing Fourier transforms and inverse Fourier transforms as changes of basis within CS, as- 
suming that a complete set of inequivalent, irreducible representations of CS is precomputed on 
the natural basis of CS and stored in memory, it follows that a naive implementation of the Fourier 
transform or inverse transform requires |S| 2 operations to apply to an element of CS. A naive 
implementation of convolution for complex- valued functions on S also requires |S| 2 operations to 
compute / * g for /, g G CS. 

The convolution theorem for inverse semigroups is simply the restatement of the fact that the 
Wedderburn isomorphism is a homomorphism. Here it is. 

Theorem 2.17. The Fourier transform on CS turns convolution of functions into multiplication 
of block-diagonal matrices. The Fourier transform turns convolution into pointwise multiplication 
if and only if every irreducible representation of CS has dimension 1. 

It follows that efficient methods for computing Fourier transforms and inverse Fourier transforms 
in CS relative to the same set of inequivalent, irreducible representations y of CS give rise to an 
efficient method for computing the convolution of functions on S. Specifically, to compute the 
convolution of /, g G CS, take the Fourier transforms of / and g, multiply the result, and take the 
inverse Fourier transform of that. Thus, if it takes no more than k\ operations to compute the 
Fourier transform of an element of CS relative to y, k 2 operations to compute the inverse Fourier 
transform of an element of the algebra on the right in ([1]) relative to y, and M(n) operations to 
multiply two n x n complex matrices, then it takes no more than 

2k 1 + k 2 + J2 M ( d p) 

pay 

operations to compute the convolution / * g of any functions /, g G CS. If k\ and k 2 are 
0(\S \ log c |S|) for some constant c and we use naive matrix multiplication (which requires n 3 opera- 
tions to multiply two nxn matrices), the number of operations needed to compute the convolution 
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/ * g is thus no more than 

0(\S\log c \S\) + Y,d P 3 . 

pay 

Let d max denote the maximum degree of an irreducible representation of CS. The crude (for large 
1 5 1) approximation d max < |S| 1//2 yields 

^ ] dp^ < d mS/X ■ ^ ^ (ip = d max ■ \S\ < |S ^ S| = |S| 3// , 
pey p&y 

and for any constant a we certainly have a\S\ log c ] jS' | < |S| 3 / 2 for large enough |S|. This approach 

for computing convolutions therefore compares favorably to the |S| 2 = (j2 P ey ^p 2 ) — ^2pey ^p A 
operations a naive approach would take. 

2.3. Matrix algebras over group algebras. Let S be a finite inverse semigroup. The work of 
Munn in the 1950's established that CS is isomorphic to a direct sum of matrix algebras over group 
algebras [181 f!9l 120] . In 2002 Solomon wrote down an explicit isomorphism between CR n and a 
direct sum of matrix algebras over symmetric group algebras [25], and in 2008 Steinberg made 
Munn's isomorphism explicit for all finite inverse semigroups [27) . In this section we recall Stein- 
berg's isomorphism, which we will use in our general approach to fast Fourier inversion algorithms 
for finite inverse semigroups in Section [3] and in our proofs of our Fourier inversion formulas in 
Section [5j Before we can state his isomorphism we need to review four ideas — the natural partial 
order on S, the groupoid basis of CS, the maximal subgroups of S, and Green's D-relation. First 
we recall the natural partial order on S. 

Definition 2.18. For s,t £ S, we say t < s if and only if there exists an idempotent e £ S such 
that t = es. 

The idempotents of R n are the restrictions of the identity mapping, so for elements s,t £ R n , 
we have that t < s if and only if s extends t as a partial function. If S is a group, then the natural 
partial order on S reduces to equality. 

Next we recall Steinberg's groupoid basis, which is the basis he uses to implement his isomorphism 
[27] . He defines the groupoid basis {[sJ}sgS of m t ne following manner. For s £ S, define 

teS:t<s 

where fi is the Mobius function of the natural partial order on S. If s, t £ R n with t < s, then it is 
well known |26} [27] that 

fi(t,s) = (-l) rk ( s )~ rk « 
The natural basis of CS can be recovered by Mobius inversion: For s £ S, in CS we have 



s = 

teS-.t< 



E L*J- 



It follows that if / = Ylses f( s ) e CS, then writing / with respect to the groupoid basis, we 
have / = T, S £s9(s)[s\, where 

g(*)= E /(*)• 

teS:t>s 

Similarly, if g = YlseS d( s ) L S J CS, then writing g with respect to the semigroup basis, we have 
9 = E s e5/( s ) s ' where 

/(*)= E *)<?(*)• 

teS:t>s 

We call these changes of basis the zeta transform and the Mobius transform on CS, respectively. 
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Definition 2.19. The zeta transform of a function f : S — > C is the collection of coefficients 
Vl2teS t>s • s ^ S}. The Mobius transform of a function f : S — >■ C is the collection of 
coefficients {EtgS:t>s M s > ■ s e S}. 

The groupoid basis multiplies in the following manner |27j . 

Theorem 2.20. For s,t e S, in CS 1 we have 

if s^s = it' 1 : 



W L*J 




otherwise. 



To motivate the importance of the groupoid basis, note that there is an alternative model for 
the composition of partial functions: for s,t G R n , we could allow the composition sot if and only 
if the domain of s lines up exactly with the range of t. For s G R n , s _1 s is the partial identity on 
dom(s) and ss _1 is the partial identity on r£in(s), so it follows that for s,t £ Rn-, in CR n we have 



W L* J 



[st\ if dom(s) = ran(t); 
otherwise. 



That is, the multiplication of the groupoid basis of CR n encodes this alternate model of partial 
function composition [27]. 

If A C {1, 2, . . . , re}, we will identify A with the partial identity on A in R n , so for s G R n , we 
will write s~ 1 s = dom(s) and ss _1 = ran(s). In fact, for any finite inverse semigroup S and s G S, 
it is customary to write 

dom(s) = s _1 s, 

(2) _/ 

ran(s) = ss 



The reason for this is that S is isomorphic to an inverse sub-semigroup of R]gi (Theorem |2~^ 
and if we identify S with an embedding of S in R\s\, then for s G S we have s _1 s = dom(s) and 
ss -1 = ran(s). On the other hand, the notation in (|2|) makes perfect sense without an embedding 
of S into R\s\- We will make extensive use of this notation, and when we do we will do so without 
reference to any particular embedding of S in any rook monoid. Note that, for any s G S, we have 
dom(s _1 ) = ran(s) and ran(s _1 ) = dom(s), and if e G S is idempotent, then ran(e) = dom(e) = e. 
We restate Theorem 12.201 



Theorem 2.21. For s,t G S, in CS we have 




if dom(s) = ran(i); 
otherwise. 

Next we recall what it means for a subset of S to be a maximal subgroup. 

Definition 2.22. A subset G of S is said to be a subgroup of S if G is a group under the operation 
of S. If G is a subgroup of S, then G is said to be a maximal subgroup if G is not properly contained 
in any other subgroup of S. 

Each idempotent e of S is the identity for a unique maximal subgroup of S, called the maximal 
subgroup of S at e [?]• In fact, if we denote the maximal subgroup of S at e by G e , then we have 

G e = {s G 5 : dom(s) = ran(s) = e}. 

Thus if e G R n is idempotent and rk(e) = k, then G e is isomorphic to S^, the permutation group 
on k elements. 

Finally we recall Green's P-relation |llj . 
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Definition 2.23. For s,t G S, we define s T> t and we say that s is T>-related to t if there exists 
x G S such that dom(x) = ran(s) and ran(x) = ran(i). 

T> is an equivalence relation on S, and the equivalence classes of S under T> are called the T>- 
classes of S. We note that if s, t G S and dom(s) = ran(t), then we certainly have that s T> t (by 
taking x = s^ 1 ). For s,t £ R n , we have that s T> t if and only if rk(s) = rk(i), so R n has n + 1 
P-classes. 

We can now describe Steinberg's isomorphism. Let Dq, . . . ,D n denote the P-classes of S, and 
let CD/% denote the C-span of {[s\ : s G D^}. It is clear from Theorem 12.211 that, as an algebra, 
CS = (J)a- = C) CD's . For eac h £>-class D^, fix an idempotent e^, and let denote the maximal 
subgroup of 5 at efc. For each idempotent e €T>k, fix an element p e G S such that dom(p e ) = 
and ran(p e ) = e, taking p efe = e^. Let r k denote the number of idempotents in Dk- Steinberg gives 
the following explicit algebra isomorphism from CDk to M rk (CGk) |27j . 

Theorem 2.24. Viewing r& x r k matrices as being indexed by pairs of idempotents in D^, define 
a map $ : CD k -> M rk (CG k ) by for s <E D k , 

3>(|_S_|) = Pran(s) _1 S?'dom(s)-E , ran(s),dom(s)) 

where -E' ra n(s),dom(s) is the standard r k x matrix with a 1 in the ran(s), dom(s) position and 
elsewhere, and extending linearly to the rest of CD k . Then $ is an isomorphism, with inverse 
induced by, for s G G k , 

sE eJ ^ [PeSP^l ■ 

Note that p e G D k implies p e ~ l G D k , and note that if s G D k then p ran (s) _ls Pdom(s) S Gfc by 
construction. Since CS 1 = ©fc =0 C-Dfc, it follows that 

n 

C5^0M rfc (CG fc ). 

fc=0 

As a consequence of Theorem I2.24| we have the following method for generating the irreducible 
representations of CS from the irreducible representations of the maximal subgroups of S |27| . 

Theorem 2.25. Let IRR(Gfc) be a complete set of inequivalent irreducible representations of CG k . 
If p G IRR(Gfc), define the representation p of CS in the following way. First, define p on M Tk (CG k ) 
by, for g G G k and idempotents a, 6 G 

p(gE a ,b) = E a ,b® p{g), 

and extending linearly to the rest of M rk (CG k )- Then extend p to the rest of ©^ =0 M rk (CG k ) 
(and hence to CS) by letting it be on the other summands. Then y = {p : p G l+)^ =0 IRR(Gfc)} 
is a complete set of inequivalent irreducible representations of CS. 

Definition 2.26. With notation as in Theorem 12.251 for p G IRR(Gfc), let p be the correspond- 
ing irreducible representation of CS. We call y = {p : p G (+J^ =0 IRR(Gfc)} an induced set of 
representations of CS". 

By Theorem I2.25| an induced set of representations of CS is automatically a complete set of 
inequivalent, irreducible representations of CS. 

In preparation for our fast inverse Fourier transform for the rook monoid in Section HI we now 
recall how Steinberg's isomorphism translates into Solomon's isomorphism for S = R n [251 127] . See 

also pa [HUE]. 

Example 2.27. Let Do, . . . , D n denote the T> classes of R n , where D k denotes the set of elements 
of R n of rank k. Since the idempotents of R n are the restrictions of the identity map, D k has (^) 
idempotents. Let e k be the partial identity on {1, 2, . . . , k}, so 

G k = {o~ G Rn : dom(cr) = ran(<r) = {1,2,..., k}}. 
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Gk is isomorphic to the permutation group S}., and we identify Gk with Sk in the obvious manner. 
For each idempotent e G Dk, let p e G Dk be the unique order-preserving injection from {1,2,..., k] 
to ran(e) = dom(e). For s G Dk, define perm(s) to be the permutation in Gk obtained by relabeling 
dom(s) and ran(s) as {1,2, . . . ,k} in an order-preserving fashion. That is, 

perm(s) = P ran ( s )~Vdom( s )- 

Then we have the isomorphism 

n 

$:a40M ( „)(CS t ) 

k=0 

induced by, for s G Dk, 

n 

*(W) = ©^"(W), 

3=0 

where M J ([sJ) is the zero matrix for j ^ k, and M fc ([sJ) is an (^) x Qj) matrix (whose rows and 
columns are indexed by the A:-subsets of {1,2,..., n}), given by 

M k ([s\) = perm(s)£ ran(s)idom(s) , 

the matrix that is perm(s) in the ran(s), dom(s) position and elsewhere. 

3. Fast Fourier inversion for finite inverse semigroups — a general approach 

In this section we introduce a general method for the construction of fast inverse Fourier trans- 
forms for finite inverse semigroups. We use our approach to give general bounds on the complexity 
of the inverse Fourier transform for a finite inverse semigroup in Theorem 13.11 and Corollary 13.21 
We design fast inverse Fourier transforms for the rook monoid and its wreath product by arbitrary 
finite groups based on this approach in Section 01 

Let S be a finite inverse semigroup. As in Section [2T3l let Do, ... , D n be the P-classes of S, let Tk 
denote the number of idempotents in Dk, and choose an idempotent e& from each P-class Dk- For 
every idempotent e G Dk, fix an element p e G S such that dom(p e ) = e& and ran(p e ) = e, taking 
Pe k = efc- Let Gk be the maximal subgroup at and let IRR(Gfc) be a complete set of inequivalent 
irreducible representations of CGk- With notation as in Theorem 12.251 let y be the induced set of 
representations of CS given by y = {p : p G l+J^ =0 IRR(Gfc)}. 

3.1. Evaluating the Fourier transform. In this section we recall the main idea from [II], which 
describes the structure of the Fourier transform on CS relative to y. Let / = YlseS f( s ) s e 
Writing / relative to the groupoid basis of CS, we have 

where g : S — >■ C is the function given by 

9(s)= £ fit). 

teS:t>s 

-^ran(s),dom(s) 

)) if s G D k ; 

otherwise. 

View f(p) as an x r& matrix whose rows and columns are indexed by the idempotents in Dk 
and whose entries are themselves d p x d p matrices. By Theorem I2.24( for idempotents a, b G Dk we 



If p G IRR(G fe ), then 

p(W) = 
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have 

f(p)a,b = Yl 9{s)p{Pa' l SPb) 

sGD fc :ran(s)=a,dom(s)=6 

= £ diPaSPb'^pis). 

If we define a function h a> b : Gk — > C by, for s € Gk, 

h a ,b(s) = giPaSPt 1 ), 

then we see that 

f(p)a,b = £ h a,b(s)p(s), 

seG fe 

the Fourier transform (in CGk) of h a ^ at p. 

Thus, the a, b entry of f(p) is a function of the coefficients 

{g(s) : s € .Dfc,ran(s) = a, dom(s) = 6}. 

In light of this, in [13] we proposed the following general approach to the construction of FFTs 
for CS: To compute the Fourier transform of / = J2seS f( s ) s e relative to an induced set of 
representations of CS, first compute the change of basis of / to the groupoid basis (that is, compute 
the zeta transform of /), and then for each 2?-class Dk, compute r? group Fourier transforms on 
Gk- We then showed how efficient algorithms for each of these steps combine to yield FFTs of 
complexity OdS"! log c IS"!) (c a constant depending on the family of 5) for various families of inverse 
semigroups S of interest — specifically, for the rook monoid and its wreath product by arbitrary 
finite groups. 

3.2. Fast Fourier inversion for finite inverse semigroups. We now propose the reversal of 
the process described in Section [3TT1 as a general framework for the construction of FIFTs for inverse 
semigroups: Given a set of induced representations y of CS and an element / € CS expressed with 
respect to y, to find the coefficients f(s) such that / = YlseS f( s ) s > ^ vs ^ compute the coefficients 
g(s) for which / = ^2 seS g(s) [s\ , and then compute the coefficients f(s) by computing the change 
of basis from the groupoid basis to the semigroup basis. 

Recall that we define an operation to be a complex multiplication together with a complex 
addition. The following result is the natural complement to the main result in |14j . 

Theorem 3.1. The number of operations required to compute the inverse Fourier transform of an 
arbitrary C-valued function / on S expressed with respect to y is no more than 

n 

CM + Yl HfrtavCnutCGk), G k ), 

k=0 

where C{pLs) is maximum number of operations required to compute the Mobius transform of 
an arbitrary C-valued function on S and l\ m (l^{B,{Gk), Gk) is the maximum number of operations 
required to compute the inverse Fourier transform of an arbitrary C-valued function on Gk expressed 
with respect to IRR(Gfc). 

Proof. Let / = ^ses fi s ) s De an arbitrary C-valued function on S. We assume we have the 
coefficients of the matrices f{p) = p{f) for all p G y stored in memory, and we show that we 
can compute the coefficients f(s) from this information in the stated number of operations. Let 
g : S — » C be the function given by, for s € S, g(s) = J2tes-t>s /(*)> so that 
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Let a, b G Dk be idempotent and let S a & = {s£ D k : ran(s) = a, dom(s) = b}. By Theorem 12.241 
we have the bijection 

h a ,b ■ S a) b — > Gk 

given by h a ^(s) = p a ~ l spb, with inverse 

h a ,b 1 : Gk — > S a ,b 

given by h^ b ~ l (s) = pasp^ 1 . Let g a ^ b : G k ->• C by g a ,b(s) = giPaSPb' 1 ), so that for all p G 
IRR(Gfc), we have f(p) a ,b = 9a,b{p)i the Fourier transform of g a ^ at p in G^. If we invert the g a ,b(p) 
as p varies over IRR(Gfc), then we recover the coefficients {g a ,b(s) ■ s G Gk} = {g{Pa,spb~ l ) '■ s G 
Gfc} = {d(s) '■ s G S a: b}. By assumption this computation requires no more than 7i nv (IRR(G'fc), G&) 
operations. Thus, computing the coefficients g(s) for all s G <S requires no more than 

n 

^^7l nv (IRR(G fe ),G fc ) 

fc=0 

operations. 

We can then compute the coefficients f(s) from the coefficients g(s) by computing the change 
of basis from the groupoid basis of S to the semigroup basis (that is, by computing the Mobius 
transform of the function g), which by assumption requires no more than C(ps) operations. □ 

Corollary 3.2. With notation as in Theorem 13. 1\ let Ci nv (Gk) denote the quantity 

Cmv(Gfc) = min{7Inv(^fc,G fc )}, 

where the minimum is taken across all complete sets IZk of inequivalent, irreducible representations 
of CGk- Then there exists a complete set of inequivalent, irreducible representations 7Z of CS such 
that the number of operations required to compute the inverse Fourier transform of an arbitrary 
C-valued function on S expressed with respect to 7Z is no more than 

n 

C(p, s ) + J2 r k c ^(Gk). 

fc=0 

Proof. For k G {0, . . . ,n}, let TZ k be a complete set of inequivalent irreducible representations of 
CGk such that the inverse Fourier transform of an arbitrary C-valued function on Gk expressed with 
respect to IZk can be computed in no more than C im {Gk) operations. Then let 1Z be the complete 
set of inequivalent irreducible representations of CS induced by \Sk=o^k- The result follows from 
Theorem EH with IRR(G fc ) = TZ k . □ 

4. Fast Fourier inversion for the rook monoid and its wreath product by 

arbitrary finite groups 

In this section we use the ideas of Section [3] to develop fast Fourier inversion algorithms for the 
rook monoid and its wreath product by arbitrary finite groups. Our algorithms in this section 
compute the inversion of elements of CS which are expressed with respect to the same represen- 
tations we used to construct FFTs for these semigroups in |14j . so our algorithms in this section 
together with our algorithms in |14] also automatically give rise to fast convolution algorithms for 
these semigroups. 

4.1. Fast Fourier inversion for the rook monoid. In [T3| we showed that the Fourier transform 
of an arbitrary C-valued function on R n can be computed in 0(|i? n | log 3 |i? n |) operations. We 
accomplished this by showing that, for any / = YlseR n f( s ) s ^ Ci? n , the change of basis from the 
semigroup basis to the groupoid basis of CR n can be computed in no more than |n 3 |i? n | operations, 
and the change of basis from the groupoid basis to the Fourier basis of CR n relative to 3^ can be 
computed in no more than |n(n — l)|-R n | operations, where y is the set of representations of CR n 
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induced by Young's seminormal (or orthogonal) representations of the symmetric group. From 
these results our result follows from the fact that n = 0(log |-R n |). 

Our result was subsequently improved by an algorithm of Bjorklund et al. [3], which finds small 
circuits for computing zeta transforms and Mobius transforms of arbitrary functions on lattices with 
few join-irreducibles. In particular, their work implies that there exists an algorithm for computing 
the change of basis from the semigroup basis to the groupoid basis of CR n that requires no more 
than 0(|i? n | log 2 |i? n |) operations — this proves the following theorem. 

Theorem 4.1. Let / = J2 s eR n f( s ) s ^ CR n . Let y be the complete set of inequivalent irreducible 
representations of CR n induced by Young's seminormal or orthogonal representations of the sym- 
metric group. Then the Fourier transform of / relative to y can be computed in no more than 
0(|i? n |log 2 \R n \) operations. 

We now show that a similar result holds for Fourier inversion in R n . In particular, we have the 
following. 

Theorem 4.2. Let / = YlseRn ^( s ) s e Ci? n . Let y be the complete set of inequivalent, irreducible 
representations of CR n induced by Young's seminormal or orthogonal representations of the sym- 
metric group. If / G CR n is expressed with respect to y, then we can compute the coefficients 
{/(s) : s € R n } such that / = J2 s eR n f( s ) s ™ no more than 0(\R n \ log 2 \R n \) operations. 

Proof. Let Dq, . . . , D n denote the P-classes of R n , where D k is the set of elements of R n of rank k. 
Since contains (?) idempotents, by Theorem 13.11 the number of operations needed to compute 
the coefficients {/(s) : s € R n } is no more than 

n / \ 2 

c (Ms) + E( J 7iv(ffill(5fc),5 fe ), 

k=0 ^ ' 

where IRR(Sfc) is Young's seminormal or orthogonal representations of CSk- 
Maslen's algorithm [16] for Fourier inversion on CSk implies that 

7l nY {lRR(S k ),S k ) < h(k-l)k\, 

so we need no more than 

Cfc) + E J 4*(*-1)*!<C(ms) + S »(»-1)£(J k\ 

k=0 ^ ' k=Q ^ ' 

3 

= C{ns) + jn{n - l)\Rn\ 

= C(fis) + 0(\R n \log 2 \R n \) 

operations to compute the coefficients {f(s):s£R n }. 

We will therefore be done as soon as we show how the algorithm of Bjorklund et al. [3] implies 
that 

C^ s ) = 0(\R n \log 2 \R n \). 

Our argument for this is similar to, although somewhat more involved than, the argument given in 
[3] for why their algorithm implies that the zeta transform on i? n can be computed in 0(|i? n | log 2 \R n \) 
operations, so we spell it out in detail. The algorithm in [3] designs arithmetic circuits for upward 
and downward zeta and Mobius transforms on finite lattices. Given a lattice L with v elements, 
j of which are join-irreducible, the algorithm of [3] finds arithmetic circuits, each of size 0(vj), 
for computing the upward and downward zeta and Mobius transforms of arbitrary C-valued func- 
tions on L. In our terminology, such an arithmetic circuit can complete its computations on 0(vj) 
operations. 
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Using Maslen's algorithm for Fourier inversion on the symmetric groups CSk as above computes 
the coefficients g(s) such that 

/= £/w- = E*ww> 

sgr„ seR„ 

where g(s) = YlteRn-t>s /(*)■ We are now interested in computing the coefficients 
f(s)= £ n{s,t)g{t)= Yl (-l) rkW " rk(s) 5(t), 

teRn-t>s t&R„:t>s 

for all s € i? n , so what we require is the computation of the upward Mobius transform of g on R n . 
Unlike most inverse semigroups, (Rn, <) is a meet-semilattice. The meet a At G R n of two elements 
<j,t <E R n is the maximal common restriction between a and r — namely, a A r is the element such 
that 

dom(a A r) = {a; G {1, 2, . . . , n} : x G dom(cr) n dom(r) and cr(cc) = t(x)}, 

and for x G dom(cr A r), we have a A r(x) = cr(x) = t(x). 

Let L denote (Rn, <) with a formal maximal element m adjoined. Since (i? n , <) is a meet- 
semilattice, L is a lattice. Let n > 1. The join-irreducibles of L are the elements of i? ra of rank 1, of 
which there are n 2 . We write fj, for the Mobius function of (R n , <), and for the Mobius function 
of L. The algorithm of Bjorklund et al. finds an arithmetic circuit of size 0(n 2 \L\) for computing 
the upward Mobius transform of an arbitrary C- valued function on L. Let gi '■ L — > C by 



9l(s) 




if s G -R„; 
if s = m. 



Then we can compute the coefficients 

fd s )= E ^L(s,t)g L (t) 

teL:t>s 

for all s G L in 0(n 2 \L\) operations. In general, the Mobius function of a partial order evaluated 
at an ordered pair (a, b) depends only on the interval [a, b] in the partial order, so for s, t G R n we 
have HL(s,t) = /j,(s,t). Since <7i(m) = 0, for s G i? n we have 

h(s) = HL(s,m)g L (m) + V fj, L (s,t)g L (t) 



t£L:t>s,t^m 

E 

tGi?„:i>s 



/UL(s,m)-0+ V fi L (s,t)g L (t) 



We can therefore compute the coefficients /(s) from the coefficients in 0(n 2 |L|) operations. 
Since 5 : R n — > C was an arbitrary function in the discussion above, we have C(fxs) = 0(n 2 \L\), 
and since n 2 \L\ = n 2 (\R n \ + 1) = \R n \n 2 + n 2 = 0(|i? n | log 2 |i? n | + log 2 |i? n |) = 0(|i? n | log 2 |i? n |), 
we are done. □ 

4.2. Fast Fourier inversion for rook wreath products. 

Definition 4.3. If G is a finite group, then the rook wreath product G I R n is the semigroup of all 
nxn matrices with entries in Gtt){0} having at most one entry from G in each row and column under 
the operation of matrix multiplication (extended from the multiplication of G), where 0-g = g-0 = 
for all g G G. 
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Clearly we recover R n as Zi I R n . In [TJj we showed that, if G is an arbitrary finite group, 
then the Fourier transform of an arbitrary C-valued function on G I R n can be computed in 0(\G I 
i? n |log 4 |G I R n \) operations. We now show that a similar result holds for Fourier inversion for 
G I R n . 

Theorem 4.4. There exists a complete set y of inequivalent irreducible representations of CGlR n 
such that the Fourier transform relative to y of an arbitrary element / = YlseGiR n f( s ) s ^ I 
R n can be computed in 0(\G I R n \ log 4 \G I R n \) operations and, if / G CG I R n is an arbitrary 
element expressed relative to y, then the inverse Fourier transform of / can be computed in 
0(\G I R n \ log 4 \G I R n \) operations. 

Proof. Recall that the symmetric group wreath product GlSk is group olkxk matrices with entries 
in G ttl {0} with exactly one entry from G in each row and column, under the operation of matrix 
multiplication. For x G GlR n , let rk(x) denote the number of rows (or columns) of x with an entry 
in G. The idempotents of G I R n are the restrictions of the identity matrix, and if c G G I R n is 
idempotent with rk(e) = k, then the maximal subgroup G e at e is isomorphic to G I Sk |14j . 

The natural partial order < on G\R n can be described in the following manner. For s,t G GlR n , 
we have s < t if and only if s may be obtained from t by replacing entries of t with 0. The P-classes 
of G I R n are Do, • • • , D n , where Dj, = {x G G I R n : rk(x) = k}, so Dk contains m idempotents. 
It is easy to see that \G I Sk\ = kl\G\ k , 

n / \ 2 

\GlRn\=Y,\ k ) k] \ G \ k > 
k=0 ^ ' 

and n = 0(log\G I R n \). 

Let IRR(G I Sk) denote the complete set of inequivalent, irreducible representations of the sym- 
metric group wreath product algebra CGlSk constructed in [22]. Let y be the set of representations 
of CG I Rn induced by the IRR(G I Sk)- y is the set of representations we used in [14] for construct- 
ing our 0(\G I R n \ log \G I i? n |)-complexity Fourier transform, and we now show that the inverse 
Fourier transform relative to y can also be computed in the stated number of operations. 

In [22] it is shown that, if G has h conjugacy classes, then 

7! nv (IRR(G l S k ), G l Sk) < |G I S k \ (|G|^±ll + 2 h k ^ k + l ? + A . 

Note that |G| and h are constants with respect to n. By Theorem 13. 1\ the number of operations 
required to compute the inverse Fourier transform of an arbitrary element of CG I R n expressed 
with respect to y is no more than 

c(^, + e(I) 2 | GiS 4i G |M +2 *M +1 ) 

< c {paRj + ( \G\^p. + 2 ,^±2l + A ^ («) 2 ,, |0 | t 

^ ' k=0 ^ ' 

< C(n GlRn ) + 0(\G l R n \ log 4 |G l R n \). 

We now show how the algorithm of Bjorklund et al. [3] implies that 

CifiamJ = 0(\G lR n \ log 2 |G l R n \), 

which will finish the proof. Our argument for this is similar to our argument in the proof of Theorem 
14.21 G I Rn is a meet-semilattice, where the meet x A y of two elements x,y G G I R n is given by 
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the maximal common restriction of x and y. Specifically, the rows and columns of the elements of 
G I R n are indexed by {1,2,..., n}, and for i, j G {1, 2, ... , n}, 



( x a y)i, 



otherwise. 



Note that viewing elements of R n as rook matrices, this categorization of A on Zi I R n coincides 
with the categorization of A on R n given in the proof of Theorem 14.21 

Thus, G I R n with a formal maximal element m adjoined is a lattice, which we denote by L. Let 
n > 1. The join-irreducibles of L are the elements of G I R n with exactly one entry in G, of which 
there are |G|n 2 . The algorithm of Bjorklund et al. [3] finds an arithmetic circuit of size 0(|L||G|n 2 ) 
for computing the upward Mobius transform of any C- valued function on L. If g : GlR n — > C then, 
as in the proof of Theorem 14.21 the upward Mobius transform of g on G I R n can be computed by 
computing the upward Mobius transform of gi '■ L — > C, defined by 



9l(s) 



g(s) if s G G I Rn; 
if s = m. 



Thus, since |G| is a constant with respect to n, C(ficiR n ) = 0((\L\\G\n 2 ) = 0((\GlR n \ + l)|G|n 2 ) = 
0(|G^ n |log 2 |G;i? n |). □ 



5. Fourier inversion formulas for finite inverse semigroups 

In this section we introduce and prove several Fourier inversion theorems for arbitrary finite in- 
verse semigroups (Theorems 15 . 2fj5"3|) . Theorems 15.21 and 15 . 31 are generalizations of Fourier inversion 
theorems proved for the rook monoid in |13j . while Theorems 15.41 and 15.51 are entirely new. We 
begin by recalling the Fourier inversion theorem for finite groups [24, Section 6.2]. 

Theorem 5.1. Let G be a finite group, and let / = ^2 seG f(s)s € CG. Let IRR(G) be a complete 
set of inequivalent, irreducible matrix representations of CG. Then 

/(*) = jg| Yl d P tiace (f(p)p( s ^ 1 )) ■ 

' ' pelRR(G) 

Now, let S be a finite inverse semigroup. As in Section 12.31 let Dq, . . . ,D n be the P-classes 
of S, let rfc denote the number of idempotents in D^, and choose an idempotent from each 
P-class Dfc. For every idempotent e G D^, fix an element p e G S such that dom(p e ) = e/% and 
ran(p e ) = e, taking p ek = e^. Let Gk be the maximal subgroup at e^. Let IRR(Gfe) be a complete 
set of inequivalent, irreducible matrix representations of CG^, and let y be the induced set of 
representations y = {p : p G IRR(Gfc)} of CS. 

Here is our first inversion theorem, which expresses Fourier inversion relative to 3^ in terms of 
the groupoid basis. 

Theorem 5.2. Let g = J2 s ^s #( s ) W e and let s G D^- Let y G Gk be the element defined by 

V = Pran(s)~ 1 ' s Pdom(s)- 

For p G y, view g(p) as an x matrix whose rows and columns are indexed by the idempotents 
in Dk and whose entries are themselves d p x d p matrices. For idempotents a,b G denote the 
a, b entry of g(p) (itself a d p x d p matrix) by g(p) a ,b- Then 

g{s) = j^rr d P traCe (5(p)ran( S ),dom( S )P(y _1 )) • 

1 fc| peIRR(G ft ) 
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Proof. For p G IRR(Gfc) we have 

sip) = ^2g( x )p(l x \)i 

x£S 

with = if x $l Dfc. As in Section T3. 11 the ran(s), dom(s) entry of g{p) is determined by the 

values g{x) for which dom(x) = dom(s) and ran(x) = ran(s) (and the values g(x) for such x do not 
affect any of the other entries of g(p)), and if we define a function 5 , ra n(s),dom(s) : ^fc —> C by 

(x) = g(p van (s)XPdom(s) ), 

then 

ran s)XPd om s 

xeG k 

^ ] 5'ran(s),dom(s) i x )p{ x ) 
x<=G k 

S'ran(s),dom(s) 

the Fourier transform of gran^^dom^) at P in CG. 
Note that s = ftanf^Fdomfs)" 1 1 because 

s = ss ss s 
= ran(s)sdom(s) 

-Pran(s)Pran(s) ^Pdom(s)Pdom(s) 
Pran(s)2/Pdom(s) 

The Fourier inversion theorem for groups applies to g ra n(s),dom(s)i an d yields 

g{s) = S(Pran(s)yPdom(s) -1 ) 
5ran(s),dom(s) (v) 

= TqI rf P traCe (5ran( S ),dom(s)(p)p(y _1 )) , 

1 fc| p£lRR(G fe ) 

and since 

5ran(s),dom(s) ran(s),dom(s) > 

we are done. □ 

Now, let X be any set of inequivalent, irreducible matrix representations for CS. Here is our 
next inversion theorem, which expresses Fourier inversion relative to X in terms of the groupoid 
basis. 

Theorem 5.3. Let g = Y^ses d( s ) L S J g CS. Let s G D k . For p G IRR(G fc ), let p G y denote the 
corresponding induced representation of CS, which is equivalent to some representation p G X. 
Then 

9(s) = j^-T d p trace (£(p)p( Is' 1 } )) . 

Proof. Since p is equivalent to p, we have p = A~~ 1 pA for some invertible matrix A. It follows that 

g(p) = A^gffiA. 
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As in Theorem [5^21 let y G G^ be the element defined by y = p ra n(s) 1 s Pdom(s)- 

Then 

trace {g(p) iaa ( s ) >d om(s)P{y" 1 )) = trace (g(p) (E dom{s)jrMs) ® 

= trace (0(/5)p(|a -1 J)) 
= t^{{A- l g{p)A) {A- x p(\_s- l \)A)) 
= trace (^(pX [a" 1 ] )A) 
= trace L^ 1 ] )) , 

where the last equality follows from the similarity-invariance of trace. The theorem now follows 
from Theorem 15.21 □ 



Our next inversion theorem also expresses Fourier inversion relative to X in terms of the groupoid 
basis, but does so without referencing the IRR(Gfc). 

Theorem 5.4. Let g = E se <?2( s )kJ € CS. Let s G D k . Then 

9(s) = , G ■ E d P trace {9(p)p([s' 1 ])) ■ 
fcl fcl pgA . 

Proof. If p G <-f , then p is equivalent to some representation p G 3^, which was induced by some 
representation p' G IRR(Gj) for some j € {0, 1, ... , n}. 

Notice that since s G .D^, we also have s _1 € an d thus p(|_ s_1 J) is unless p' G IRR(Gfc). It 
follows that /o( [s — 1 J ) is unless p' G IRR(Gfc). If p' G IRR(Gfc), then we have d p = dp = r k d p >, so 
dpi = dp/r^. The theorem now follows from Theorem 15.31 □ 

Our last inversion theorem expresses Fourier inversion relative to X in terms of the semigroup 
basis. 

Theorem 5.5. Let / = X^es /( s ) s e ^-S. For t G -Dj, let G(t) denote Gj (the maximal subgroup 
at Cj), and let r(t) denote rj (the number of idempotents in Dj). Then for any s G S we have 

/W = E d P E ^feL £ MCt;" 1 , t" 1 ) trace (/(pJpCt,- 1 ; 

Proof. We have that / = X^es 5 f ( s ) L S J > where #(s) = YlteS-t>s /(*)• For s ^ ^j: by Theorem [57 
we have 

pG* 



1 


'j 


\Gj\ 




1 


r i 






1 








1 




\Gj\ 



?mE^ E m* -1 .* -1 ) trace (Hp)p(t 1 
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t£S:t>s 




Y,d P Yl M^" 1 , t -1 ) trace (/(^(w- 1 )) 





j(t)\G(t)\ 



veS-.v- 1 ^- 1 



as claimed. 



□ 



Remark. If 5 is a group, then the statements of Theorems I5.2H5.5I all reduce to the statement of 
the Fourier inversion theorem for groups (Theorem 15. ip . 
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